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1 Introduction 

In 1950’s, E. Calabi(cf. [2],[3]) has raised the famous Calabi’s conjecture stating that there 
exists a unique Kahler metric in any given Kahler class whose Ricci form is any given 2- 
form representing the hrst chern class. This conjecture was later proved in 1970’s by the 
celebrated works of S. T. Yan([25]). E. Calabi([l]) and T. Aubin(P) using continuity method 
to solve the complex Monge-Ampere equation. In particular, when the hrst chern class is 
zero or negative, their works imply the existence of Kahler-Einstein metrics. When the hrst 
chern class is positive, Tian has made contributions towards understanding precisely when 
a solution exists! [22] h 

In 1980’s, E. Calabi(cf. [S][S]) proposed a broader program aiming to hnd the extremal 
metrics as the generalization of Kahler-Einstein metrics in an arbitrary Kahler class. As 
a special case of extremal metrics, the existence problem of the constant scalar curvature 
Kahler(cscK) metrics hts into a general picture of symplectic geometry as described by S. 
K. Donaldson ([13]). It was well known by now that the existence of Kahler-Einstein metrics 
or cscK metrics was equivalent to some notion of "stability" in algebraic geometry (c.f. Yau- 
Tian-Donaldson conjecture([21], |22| and [12])). Recently, this conjecture was settled in the 
Fano case by the crucial contributions of Chen-Donaldson-Sun (cf. [E], [Sj and m)- 

In a series of remarkable work (HD,[El, pE] and m), s. K. Donaldson proved the 
existence of cscK metric on a K-stable toric surface. Very little was known for a general 
Kahler class in higher dimensions. Recently, X. Chen initiates a new program attacking the 
existence problem of cscK metrics via a new continuity path in [7] , which connects the usual 
cscK metric equation with a second order elliptic equation. As in [7|, for a positive closed 
(l,l)-form X, we dehne the Kahler metric satisfying 

f(R^-R)-(l-f)(tr^X-x) = 0 (1) 

the twisted cscK metric, where denote the scalar curvature of R = —■ and 

X = ’ • In his same paper, X. Chen also showed the openness of this path when 

0 t <c 1. And. in n su.bs6QU.6nt pnp6r [m , X.Chen, M. Paun and Y. Zeng used the openness 
result at f = 1 to give a new proof of the uniqueness theorem of extremal metrics. Similar 
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notions of twisted cscK metrics could also be found in earlier papers of J. Fine [TS], J. Stoppa 
pi] and Lejmi-Szekelyhidi [2U] . 

In this paper, we’ll prove the openness of the new continuity path introduced in [7j at 
f = 0. And it adds further evidence that the path is the right one to work on. Following 
from a simple observation, we could choose y = a; in ([T]) such that ([ID always has trivial 
solution at t = 0. Our purpose of this paper is to prove the following main theorem: 

Theorem 1.1. Suppose {M,u) is a closed Kdhler manifold. Then, for any t > 0 sufficiently 
small, there exist a unique smooth Kdhler metric such that 

t{Rpt - E) - (1 - ^)(tr<^t CO -n) = 0. (2) 

Notice here, when f > 0, ([2D is a 4th order nonlinear elliptic equation while at t = 0, we 
get a second order equation. Thus, it’s not clear which function space we should choose if 
we want to apply the inverse function theorem. Fortunately, if we denote (po = 0, then 

t{Rpo — R) — CO — n) = t{Rp^^ — R) ^ 0, as f —)■ 0 

in any C^{M) norm. It suggests that Pq is very close to a twisted cscK metric when f > 0 
sufficiently small. Thus, if we take po as base point and apply the inverse funcion theorem at 
p = po, there’s a slight chance that it contains "0" in its neighborhood of image of po where 
every element has a pre-image. However, later we find out that the radius of neighbourhood 
of t{Rpf, — R) which has pre-images decreases faster than R while "0" lies in only the radius 
t neighborhood. 

To overcome this difficulty, we’ll first introduce basic notions in Section [2] and reduce ([2D 
from a 4th order equation to a second order equation 

r9p + p = 0. (3) 

Then in Section [3] we could expand the above equation in power series of r and collect the 
same order terms of r to see possible ways of cancelations. Then we could choose pi closer 
to the critical point than pq as shown in Lemma [3.11 Namely, we choose pi such that "0" is 
in the r^ neighborhood of -|- pi in 6*“ space. And in Section SI by intense calculations, 
we show that the radius of neighborhood of -|- pi which has pre-images is greater than 
^3+e some e > 0. Eventually "0" will fall into the r^^'^ neighborhood of image of pi. Thus, 
it has a pre-image. 

Without further notice, the "C" in each estimate means a constant depending on the 
complex dimension n, the background metric u, the topological constant R and 0 < a < 1 
unless specihed. 

Acknowledgement The author is very grateful to his advisor Prof. X. X. Chen for constant 
support and encouragement. He also wishes to thank Prof. E. Bedford, Yuanqi Wang and 
Song Sun for comments on an earlier version of this preprint. During the preparation of this 
paper, we learned from [7] that Y. Hashimoto has also announced results similar to Theorem 
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2 Preliminary 

Suppose (M, u) is a closed Kahler manifold. Denote the space of normalized smooth Kahler 
potentials as 

nuj = {ipeC°°{M)\u^ = u + V^ddif>0,[ (pa;” = 0}. (4) 

JM 

For If G Hu), we denote the scalar curvature of and R = —-• 

In [7], Chen has introduced a continuity path in for a closed positive (l,l)-form y as 

t{R^ -R)-{l-t) (tr^ x-x) = 0, (5) 

where y = 

In particular, as described in the introduction, we could simply choose the closed positive 
(l,l)-form to be u. Thus, (E]) always has a trivial solution at t = 0. As in dehning the Futaki 
invariant in [23], we could solve the Laplacian equation for any (p G 

A^f = R^- R. (6) 

We denote the solution of ([H]) as 9^ with the normalization = 0. Since 

Rip — R = tr^(Ric^ — Ric(a;) + Ric(a;) — Ru — Ry/—Iddip), (7) 

= A^(- log - Rip) + tr<^(Ric(a;) - Rpj), (8) 

we have 

9^ = -\og^-Rp+ [ \og^oj^ + P^, ( 9 ) 

where Pp is determined by 

ApPp = tr<^(Ric(a;) - Ru), [ Ppu'^ = 0. (10) 

JM 

Given the notion of 6p above, we could reduce the continuity path equation ([3]) with x = a; 
from a 4th order PDF to a Monge-Ampere type of equation as 

+ (1 - t)(p = 0. (11) 

Following the discussion above. Theorem 11.11 will be an easy corollary of the following 
theorem: 

Theorem 2.1. Suppose {M,u) is a closed Kahler manifold. Then, for any r > 0 sufficiently 
small, there exists a unique pr G Ruj such that 

r9p^ + Pr = ^- (12) 
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In our paper, we’ll repeatedly use schauder estimate of Laplacian equation. Thus, let’s 
introduce it here as the following Lemma: 

Lemma 2.2. If ^ E with ||(p||c 2 ,c«(M) < ^ and u G statisfies 

^<fiU = /, / ttcj" = 0 (13) 

Jm 

for some f G C^{M). Then 

|k||c2.“(M) < C'||/||c“(M)- (14) 

Proof. Proof of Lemma 12.2[ By Schauder estimate [12] , we can get 

||'f^||c2.“(M) < C(^\\u\\l^(m) + ||/||c“(M))- (15) 

To bound ||rt||L°°(M), we hrst multiply u on both hand sides of ffT^ . integrate against w”, 
and we get that 

/ \Vu\lu;= [ -fuu;<C\\f\\L^^M)\\u\\L^iM,.y (16) 

JM Jm 

On the other hand. 

Thus, combining the above two inequalities, we can get 

ll“l|L2(M,a;) < C'||/||L°°(Af) ■ (18) 

Then, by Moser iteration [T2|, we can get that 

||^^||l°°(M) < C{j\u\\L'2(^M) + ||/||L°°(*f)) < C'||/|lc“(M)- (19) 

This ends the proof. □ 


3 Choose the base point 

Let’s hrst introduce the space we’re going to work on. Dehne for 0 < a < 1 and A: G N 

Hi;" = {^e = u + > 0 , / = 0 }, ( 20 ) 

J M 

Ct^M) = {/ G 0^’“(M)| [ fu- = 0}. (21) 

Jm 

More generally, 6^ could be dehned on the space Hi;" if we took the dehnition as in ([2|). 
Therefore, we dehne, still denoted by 6^p, 

e : nl;" ^ o“(M) 

e^ =-\og^-Hp+ ! log^a;” + P<^, 

CU"- JM (jJ^ 
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where G C C^{M) is determined by 

= tr<^(Ric(a;) - Ru), [ P^a;” = 0. 

Jm 

Define 


( 22 ) 


Fr : ^ CZ{M) 

ip^ rO^P ip. 

Denote (yCo = 0 G As we described the difficulties in the introduction, is not enough 

for our purpose. We need to find "better” base point to apply inverse function theorem. 

Let 


2 

ipi = ipo + rui + —U2 + —Us, 
2 0 


(23) 


where u's are smooth functions on M with = 0 that we’ll specify later. First we’ll 

expand Fr{pi) in terms of r at r = 0. Denote Ur = rui + \u 2 + Compute 


de, 


'fi 


dr 


Aip.^Uy. R iir P I Ai^.^U'f.uj P I(hj.), 
JM 


(24) 


where DP|(^i : is the linearization of at (p = pi and it satisfies 

A^,(PP|^,(U)) = {ddu,ddP^, - (Riciu) - Ru))^„ (VP\^,{u))uj^ = 0. (25) 

Take one more derivative of O^p^, we get 




ri 


d 


d'^r 


= -{Ap^Ur - \ddUrr^) - RUr P - \ddUrP^)uj'^ + VP\p^{Ur) P { — V P\p)\p^{Ur, Ur) 

(26) 


/M 


'dp 


where the last term is given by the unique solution of the following elliptic equation 
Apif 2(J^dUr, ^PP|(^j (hj.)^ ) UrppUr^pj{^P(fiJi (Ric((u) Rpj) ji 
^r,ipUrJi(^Pifil^pj (Ric(Ci.') R^)pjj 

with Im foo"' = 0. Thus, we get the expansion of Fr{pi) of r at r = 0, 

Fr{pi) = rOp,.^ P Pi 


de, 


— PqP r{ui P 9 ,pq) P —{u2 P 2 |r=o) + ~{us + 3 


d^e, 


ri 


6 


Q2r 


.=o)+0(r^). 


(27) 

(28) 


It suggests that we should define 

Ui 

9.. 

|r=0 ~ 2 




% = -3 

d 


dr 

d^e. 


ri 


d‘^r 


=n = -3 


|r=0 


Ap^ui - Rui + PP|^o(mi)) 

■ Ap^U2 — Ru 2 P VP\pf^{u2) P Idduil"^ 


Im 


\ddui\ly 
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It’s clear from definitions that u[s are fixed smooth functions with norm bounds only 
depend on cpo- Therefore, we could choose r > 0 sufficiently small such that ifi G with 
||‘^i||c' 2 '“(M) < And we expect that is close to "0" in appropriate norms. This 

observation can be made more precise as the following lemma: 

Lemma 3.1. Notations as described above, for r > 0 sufficiently small, we have 


||Tr((/7i)|lc“(M) < Cr'^. 

Proof. Proof of Lemma 13.11 It suffices to show that 

11^.1 - (V +-^1-0 + y^|.=o)llc«(M) < (29) 

By Taylor expansion theorem, we could write the remaining error of the function and its 
second order taylor expansion as an integral. 






(30) 


So it suffices to show that for any s G [0, r] with r > 0 sufficiently small 


'n 


d^r 


\r=s\\C°‘{M) ^ 


< c. 


(31) 


2 3 2 3 

Denote = (po + sui + ^U 2 + Ams and Ug = + ^U 2 + ^^ 3 . Compute 


d^e, 


‘pi 


d^i 


- [ (A^,wf - 3{ddu<^^\dduf'^)^^ + 2{ddu<^^^Y^)u^ - Ruf^ 


IM 


+ VPU{^‘'?) + 2(—VP 






P>PM\.p^.PPP\P'’). 


It’s obvious that the hrst two lines has uniform (7“ norm as we expected. Therefore, we need 
to estimate the last four terms of the above equation. Let’s hrst consider It satishes 
the Laplacian equation as described in Lemma [221 so we get that 


II-P¥’J1c2.“(m) < C. (32) 

Then we can estimate IiP|<^^(ti) using 0321) and Lemma 12.21 since it satishes the similar 
Laplacian equation with right hand side depending on second order derivatives of we 
can conclude that 




(33) 
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Thus, we could further estimate the term using the same argument in Lemma 12.21 


d 

—u)||c2,Qi(M) < C'||'li|lc'2.“(M)||'i^||c'2.“(M)- 


(34) 


Finally, we could estimate the term u, tc) which satisfies the equation 


= {ddw,dd({^VP\^)\^X'^,v)))^^ + {ddu,dd({^VP\XXX'^,w)))^^ 

+ {ddv,dd[{-^VP\XjXX'^^'^)))vs + ddv * ddw * dd(VP\^X'^)) 

+ ddu * ddw * dd(vP\^X'>^)'} + ^dv * ddu * dd{vPXX'^)) 

+ ddu * ddv * ddw * {ddP^^ — Ric(a;) — Rpj^ , J /cu” = 0. 

Thus by the Lemma [2.21 we can conclude that 
d^ 

Since ||uW||c'2.«(m) < C for 1 < i < 3, 


d%,. .. 


< c. 


Thus it ends the proof of the lemma. 


(35) 

(36) 

(37) 

(38) 


(39) 


(40) 

□ 


4 Proof of Theorem II .11 

In last section, we have shown that for r > 0 sufficiently small, \\Fr{<fi )||c“(M) < C'r'^. Next 
we’ll construct a contract map defined on a neighborhood of ipi in (7^’“ space, which 
is similar to the proof of inverse function theorem. Since Fr{(pi) is small in (7“ norm, 
we could start the iterating process from (pi and keep every following term stay within the 
precribed neighborhood of ipi. 

First, we have to understand the linearization of Fr : 77^’“ —)■ C^{M) at <yC = (pi. Compute 

u iH- -rA^^u + (1 - rR)u + ^( / (A^^n)^" + 'DP|<^j(m)), 


where VP\^^{u) satisfies 

A^,{VPXXu)) = {ddu, [ddP^, - (Riciu) - Ru))),,,, J^[VPXXu))uj^ = 0. (41) 

We summarize the properties of as the following lemma: 
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Lemma 4.1. Suppose 0 < a < 1. Then, for r > 0 sufficiently small, the linearizaiton of 
Fr : 7/^’" ^ Cf{M) at (p = ipi, T>Fr\^^ : Cf°‘{M) —)■ Cf{M), is injective and also surjective. 
Moreover, the operator norm of the inverse of (VFr\if,,^'^ has the upper hound 

\\{VFr\^.^j \\<Cr i-“. 

Before proving Lemma Idl we’ll need the estimate of VP\^{u) for ||(^||c' 2 ,a(jv^) < i. We 
snmmarize it as the following lemma: 

Lemma 4.2. Suppose ||(yi)||c 2 ,a(A^) < then we have the estimate for any 1 < p < oo, 

II IUp(m) < C'pII'?^||lp(m)- (42) 

Remark. Since u and are equivalent metrics if ||(y5||(^2,a(jy^) < we make no efforts to 
distinguish between U’ spaces with respect to the two metrics hereafter. 

Proof. We hrst introdnce the Green fnnction G^{x,y) of the metric u^. Then we dehne 

T{u){x) = J^G^{x,y)(u{P^^fj - (Ric(a;) - Ruj)fj)) j.{y)uJ^ (43) 

= y)):ij{u{P^^fj - (Ric(a;) - Ruj)fj)) {y)u^. (44) 

Since 

A^(VP\^{U)) = {uiP^^fj - {mc{u) - Ru)ff) (VP\^{u))u^ = 0, (45) 

we have 

VP\^{u) = T{u) - I T{u)u^ (46) 

JM 

For i,j G N, we dehne the operator 

T«/ = jjG^(x,y)).,f(y)^’;. 

T^j is a Calderon-Zvgmnndf |l9j ) operator which maps fnnctions to fnnctions for 
any 1 < p < cxo. Moreover we can show Tij has nniform norms. To see this, we consider the 
Laplacian equation 


= f, f UU^ = 0. (47) 

JM ^ 

Thus, we see that the solution satishes 

^U(X) = {T,,f)(x). 
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(48) 




So it suffices to show the uniform estimates of 0471) . which follows from the fact that 
I1 v5||c2.“(m) < I and the standard LP theory of elliptic equation ([12]). We have the estimate 


for any p G (1, +oo) 

\\Tijf\\LP{M) < Cp\\f\\LP{M)- (49) 

Thus, taking advantages of the above estimate, we can get 

\\T{u)\\lp{m) < Y. Cp\\u(^gpg^^ - (Ric(a;) - \\lp{m) (50) 

k,l 

< Cp\\u\\lp(m)- (51) 

Thus, we have for any 1 < p < cxo 

\\{vP\^{u))\\lp(m) < Cp\\u\\lp{m)- (52) 

This ends the proof of Lemma 14.21 □ 

Now we can prove Lemma [4.11 


Proof. Proof of Lemma 14.11 First we show that 'DFr\^p.^ is injective. Suppose there exists 
u e such that 

-rA^^u + (1 - rR)u + r(^^(A^^u)a;" + VP\^^{u)^ = 0. (53) 

It suffices to show that u = 0. Multiply u on both hand sides of and integrate against 

, ,n 

0 = rl + (1 - rfl) I + r( /^(A,.a).") (+ r 

(54) 

We focus on estimates of the later two terms in ([551) • Consider 
/ (A^,u)a;-= / (A^,u)(^)a;^^ = / u(A^,^X 

JM JM ^ JM ^ 

p _ _ _ _ 

<^(^1 

>-cd/juK.) 

where the derivatives are covariant derivatives of u. Thus, we have that 

To estimate the last term of fl55ll . we need the following estimate of ("DFI^J. 
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Choosing r > 0 sufficiently small, we can get ||(^i||c2.“(m) < Using Lemma 1^^ we get 

\\{'^P\>Pii'>^))\\L2{M) < C\\u\\l2^m)- (57) 

Thus for the last term in (155]) we have the estimate 

X, S -C I uH".- (58) 

Therefore, combining the estimates above, we have that 

0>{l-Cr)[ (59) 

JM 

It implies that when r > 0 sufficiently small, we have that rt = 0. So we have proved the 
injectivity of {VFr\^p^. 

Next, we show the surjectivity of {VFr\ip^ and the upper bound of \\{VFr\^^ || to¬ 


gether. For / G (^"(M), we’ll use continuity method to solve the equation 

VFr\^^{u) = f. (60) 

Dehne for s G [0,1], 

Ls : ^^’“(M) ^ C^{M) (61) 

{I - rE)u + sr[ f (A^^ti)a;"T>P|<^^(tt)). (62) 

First, we show that for any s G [0,1] 

||^^||c2.“(M) a Cr\\LsU^c°‘(^M)- (63) 

From the definition of L^, we get that, 

=--LsU + -——u + s([ {A^^u)u'^+ VP\^^{u)). (64) 

r r ^JM ^ J 


Since we choose r > 0 sufficiently small s.t. ||<y0i||c2.“(M) < we can get from Schauder 
estimate. 


||'^t||c2.“(M) < C(II^(,51 "(^11 C“(M) + ||'li|U°°(M)) 

11 /* 

— C{^W^sUWc^^iM) + -||'f^||c“(M) + I \\{P^\'Pi^'^))\\c°‘{M) + \\u\\l<^ 

— ^o(“ll-^'8^llc'“(Ar) + “l|■*^llc'“(M) + II (7^-U|v3i('*^)) ||c“(M) + IIwIIlooi-^)^ . 

By interpolations jT5], we have 


•{M) 


'nil — 

|'(^||c“(M) A IpI|c2.“(m) + Cr ||'u||l°o(m)- 
4Un 


(65) 
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Also, for term \\VP\^^{u)\\c°‘(m)i since it satisfies equation (HT]) . we have estimate 


PF|<^i(m)|1c«(m) < C\\{ddu, [ddP^^ - (Ric(cu) - Ruj)))^,\\l°-{m) 

< C\\ddu\\L^[M) < 77rll'*^llc'2.“(M) + C'||^||l°°(m)- 
40o 


Combining estimates of (1^ and (IM]) . we have that 

^sU\\c°‘iM) 


/I 1 


(66) 

(67) 

( 68 ) 


Now we focus on estimates of ||ri||L°o(;vr)- For p > 1, We could hrst multiply \u\p on both 
hand sides of (IM)) and integrate against on the region {u > 0}. Then we’ll get by a 
similar argument which we use to prove the injectivity, 


r Ju>o 


{Lsu)uPuj^^ > / puP + 


1 — rR 


)u>0 

— Cp\\u 


' u >0 


- Cr 




ti>0 




u>0 




> 


1 — rR 


w 


- a / up+^ 


r Ju>o 


‘pi 


Co>, 


IM 


Pi 


Multiply on both hand sides of fIMD and integrate against on the region {u < 0}. 
Similarly we get 


r Ju<o 


(L.w)iwr< > 


1 — rR 


\u 


- C„ 


r Ju<o 


Pi 


ImF+V” 


IM 


Pi' 


Thus, we get for p < po < OO; we could choose our r > 0 small such that 

If 1 ’’ 

And then for p < po + 1 

II'^^IIlp(M) < C\\LsU\\lp(^m) < C'||FsW||l°°(M)- 
By 1/ theory of elliptic equation for flMD . we get for p < po + 1 

||w||w2.P(M) < C(^-\\LsU\\lp{M) H-II^^IIlp(M)) 


c 

< — \\Lm 


sU‘\\L°°{M)- 


By sobolev embedding, we can get that for p >n 


C. 


\u\ 


< C'||rt|| vk2.p(m) < —\\LsU^l^{m)- 


Therefore, we conclude that 




_ 2 —a 

< Cr~T^ WL.uWc^^i 




(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(76) 
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Since the norm is independent of s G [0,1] and obviously Lq : —)■ C°‘{M) is onto, 

thus by continuity method in [12], we conclude that Li : —)■ C°'{M) is also onto. 

Thus we have shown that = Li is surjective. And 

ll(®f’rl„)''(/)llc=..(M) < Cr-i^mo.,M)- (76) 

This ends the proof of Lemma 14.11 □ 

Dehne functional T in a C^’^-neighborhood of Lpi as 

Cp If + (VFr\^^^ 

Our goal is to hnd G such that Fr{(p) = 0. Given the dehnition of T, our problem 

comes down to hnd the hxed point of T. So we need to show that T is a contraction in a 

small neighborhood of ipi G 

Lemma 4.3. There exists some 5 > 0, such that G with Hv? — 

and \\(p — p>i\\c‘^,^{M) < r^^d, then 

||T((p) - T((p)||c-2.«(M) < -\\t - (77) 

Proof. Denote (fg = s(p + {1 — s)(p. Suppose and ||<p — </^i||c2.“(m) < 

ri^h. We’ll specify 5 > 0 later. 

We have 

d 

T((p) - T((^) = —m{p}s)ds 

= {ip-(p)-j^ ^ {vFXXt - T))ds 

= - {{VFr\^^-VFr\^^{ip - f))]ds. 

We consider the term 

{'^Fr\r. - - ^) = r( - (A^. - A,,)(<p - <fi) + ((Ay. - Ay,)(v> - <?))w” 


+ (PP|y.-DF|y.)(^-45)), 

Thus, we know that 

II (VFr\i^^ — VFr\^j^ ((/? — <p)||c“(M) (78) 

< Cr(rTh^6\\ip - (p||c2.“(M) + \\{'I^P\v’s - 'PP\v^i){t - ‘^)IIc“(m))- (79) 

By dehnitons of PP\ip in fl4ip . we have 

A^,(VP\^,{u)) = {ddu, (ddP^, - {Ric{u) - Ruj)))^„ J^(VP\^,{u))u^ = 0 (80) 

A^^(VP\^^{u)) = {ddu, (ddP^^ - {Ric{u)-Rco)))^^,J^ {VP\^Xu))u^ = 0- (81) 
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So 

-VP\^X'^)) = {9du, (ddP^^ - (Ric(a;) - Ruj)'^)^^ - {ddu, (ddP^^ - (Ric(a;) - Ruj) 

= - 9%9l{)P^^M + ^R9%9t^P^^ - P^s) 

- - Si^)r+ (41 - 9i){VP\M)^,j 

Thus, by schauder estimate and previous estimate about P^ and VP\^{u) in Section [31 

||PP|(^i(m) — T)P\^^{u)\\c2,a(^M) < <^(||'f^||c2.“(M) + \\PP\>fs{'>J')\\c^’°‘{M)) 

+ C||P^^ — -P<^J|c 2 .“(m)||w||c 2 .“(m) 

< Cr^-°‘6\\u\\c2,o>(^M) + C'llR^i — T’<^J1 c2.“(m)||w||c2.°^(m)- 

Since we have 

- P^J = (4 -4)P^,,fcr+ (4 -4)(Ric(a;) - Pa;),p 

then 

\\Pipi — Pips\\c^’‘^{M) < Cri-“(5. (82) 

Thus, we have 

I|('E’-P|k - 'PP\r.)i‘P - ‘fi)\lc“{M) < I|(E’-P|,„ - 'I’P\r.)i‘P - < CrT^5\\f - if\\c^-iM)- 

(83) 

By Lemma [4.11 we have that 

ll(pP^l^i) {(PP^|<^^ - -'^)}|Ic'2.-(m) < Cr~y^rr^5\\^ - (p\\c2,^^M) (84) 

< C^llfp - (p||c2,-(M)- (85) 

And then 

||\l/((p) — \l/((p)||c2,Q,(jvf) < (7(511 (p — (p||c2,°^(M)- (86) 

We could choose (5 > 0 sufficiently small such that C6 < |, and thus it ends the proof of 
Lemma 14.31 □ 

Now we’re ready to prove the Theorem 12.11 

Proof. Denote the constant (5 > 0 in Lemma [4.31 as (5o- Define for A: G Z 

(Pfe = T'’-i((pi). (87) 
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Ultimately, we want to show that i^k in C‘^’^{M) norm for some Lpoo G as A; —?■ cx). 

We choose the start point to be (pi, thus we need to show that (p 2 stays in the neighborhood 
of Lpi for d' to be contraction. Compute 

II‘A’2 — II C2.“(M) = \\{pFr\^^ ( ~ ||c2.“(M) 

2 —a 

< Cr~~\\Fr{ipi)\\c<^{^M) 

< (Cr i-“ jr i-“ . 


where we use Lemma 13.11 and Lemma 14.11 It’s obvious we could choose a 
sufficiently small such that 

1 1 

II‘A’2 — V^i||c2.“(M) < 

By induction, we could get that for any A: G Z 

||<y^fe — <y^’l||c2.“(M) < 


I and r > 0 
( 88 ) 

(89) 


and 

llv^fc+i — </^fc||c2.“(M) < 211*^^ ~ ¥^fc-i||c2.“(Af) < (90) 

Thus, we conclude that there exists some (poo ^ such that pk ^oo in as 

k ^ oo. Thus, we get 

T;(v9oo) = 0. (91) 

From the regularity of elliptic equation, we could immediately see that poo G C°°{M). Also 
it’s clear that 

||v^oo||c2.“(m) ^ ||</^i||c2.“(m) + ri-“(fo < Cr —?■ 0, as r —)■ 0. (92) 

Then we finish the proof of Theorem 12.11 

□ 
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